A Maximization Model Example :
A company produces clay bowls and mugs. 
Two resources used by the company are special pottery clay and skilled labor. 
Company desires to know how many bowls and mugs to produce each day in order to maximize profit. 
Two products have the following resource requirements for production and profit / item produced (i.e., model parameters):
   
    




Resource Requirements
Product
        Labour


      Clay




Profit


      

Hrs/product    pounds/product
         $/product
Bowl

1
                4




     40
Mug

2

          3




      50
There are 40 hrs of labor and 120 pounds of clay available each day for production. 
Steps in modelling process are summarized as follows:
Step 1.
Define decision variables
How many bowls and mug to produce 
Step 2.
Define objective function
Maximize profit
Step 3.
Define constraints
The resources (clay and labor) available
Decision Variables
x1 = number of bowls to produce
x2 = number of mugs to produce
Objective Function
is to maximize total profit. 
Company's profit is the sum of the individual profits gained from each bowl and mug. 
Profit derived from bowls is determined by multiplying unit profit of each bowl, $40, by the number of bowls produced, x1. 
Profit derived from mugs is derived from the unit profit of a mug, $50, multiplied by the number of mugs produced, x2. 
Total profit can be expressed mathematically as : 
$40x1 + $50x2. 
Objective of firm to maximize total profit :
maximize     Z = $40x1 + 50x2
where

Z
=  total profit per day
$40x1   =  profit from bowls
$50x2   =  profit from mugs
Model Constraints
Two resources are used: labor and clay both are limited. 
Production of bowls and mugs requires both labor and clay. 
For each bowl produced, 1 hr of labor is required. 
Therefore, labor used for production of bowls is 1x1 hrs. 
Similarly, each mug requires 2 hrs of labor; 
Therefore, labor used to produce mugs every day is 2x2 hrs. Total labor used by the company is the sum of individual amounts of labor used for each product:
1x1 + 2x2
However, amount of labor is limited to 40 hrs per day; 
thus, complete labor constraint is
1x1 + 2x2 [image: image1.png]


  40 hr.
([image: image2.png]


) inequality is used instead of an equality (=) because 40 hrs of labor is a maximum limitation that can be used, not an amount that must be used. 
Constraint allows firm some flexibility; firm is not restricted to using exactly 40 hrs but can use whatever amount is necessary to maximize profit, up to and including 40 hrs. 
So, it is possible to have idle capacity (i.e. some of 40 hrs may not be used).
Constraint for clay is formulated in the same way as labor constraint. 
Because each bowl requires 4 pounds of clay, the amount of clay used daily for the production of bowls is 4x1 pounds; and because each mug requires 3 pounds of clay, the amount of clay used daily for mugs is 3x2. 
Given the amount of clay available for production each day is 120 pounds, material constraint can be formulated as :
4x1 + 3x2 [image: image3.png]


  120 lb.
Final restriction is that the number of bowls and mugs produced must be either zero or a positive because it is impossible to produce negative items. 
These restrictions are known as nonnegativity constraints and are expressed mathematically as :
x1 [image: image4.png]


  0, x2 [image: image5.png]


  0
Complete linear programming model for this problem is:
[image: image6.png]maximize Z = $40x, + 50x,
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Solution of this model will result in numeric values for x1 and x2 that will maximize total profit, Z. 
As one possible solution, consider x1=5 bowls and x2=10 mugs. 
First, substitute this hypothetical solution into each constraint in order to make sure that the solution does not require more resources than the constraints:
[image: image7.png](5) +2(10) <40

25<40




and
[image: image8.png]4(5) +3(10) = 120
50< 120




Because neither of constraints is violated by this hypothetical solution, we say the solution is feasible (i.e., it is possible). Substituting these values in the objective function gives:     

Z = 40(5) + 50(10) = $700. 
However, for the time being, we do not have any way of knowing whether  $700 is the maximum profit.
Feasible solution does not violate any of the constraints.
Now consider a solution of x1 = 10 bowls and x2 = 20 mugs. This solution results in a profit of
[image: image9.png]Z = $40(10) + 50(20)
=400 + 1,000
= $1,400




Although this is certainly a better solution in terms of profit, it is infeasible (i.e., not possible)
because it violates resource constraint for labor:
[image: image10.png]1(10) +2(20) = 40
50 % 40




An infeasible problem violates at least one of the constraints.
Solution to this problem must maximize profit without violating the constraints. 
Solution achieving this objective is x1=24 bowls and x2=8 mugs, with a profit of $1,360.
A Minimization Model Example
A farmer needs to fertilize a field. There are two brands of fertilizer to choose from, Super-gro and Crop-quick. Each brand yields a specific amount of nitrogen and phosphate per bag, as follows:
Chemical Contribution

Brand

NITROGEN
 PHOSPHATE  
(LB./BAG)
(LB./BAG)

Super-gro
        2

     4
           Crop-quick
   
4

      3
The farmer's field requires at least 16 pounds of nitrogen and 24 pounds of phosphate. 
Super-gro costs $6 per bag, and Crop-quick costs $3. 
The farmer wants to know how many bags of each brand
to purchase in order to minimize the total cost of fertilizing. 

The steps in the linear programming model formulation process are summarized as follows:
Step 1.
Define the decision variables
How many bags of Super-gro and Crop-quick to buy
Step 2.
Define the objective function
Minimize cost
Step 3.
Define the constraints
The field requirements for nitrogen and phosphate
Decision Variables
This problem contains two decision variables, 
x1 = no. of bags of Super-gro
x2 = no. of bags of Crop-quick
The Objective Function
The farmer's objective is to minimize the total cost of fertilizing. The total cost is the sum of the individual costs of each type of fertilizer purchased. The objective function that represents total cost is expressed as :
minimize Z = $6x1 + 3x2
where :
$6x1 = cost of bags of Super-gro
$3x2 = cost of bags of Crop-quick
Model Constraints
Requirements for nitrogen and phosphate represent the constraints of the model. Each bag of fertilizer contributes a number of pounds of nitrogen and phosphate to the field. The constraint for nitrogen is :
2x1 + 4x2 [image: image11.png]


 16 lb. Where :
2x1 = nitrogen contribution (lb.) per bag of Super-gro
4x2 = nitrogen contribution (lb.) per bag of Crop-quick
Rather than a [image: image12.png]


  (less than or equal to) inequality, as used in the previous model, this constraint requires a [image: image13.png]


  (greater than or equal to) inequality. This is because the nitrogen content for the field is a minimum requirement specifying that at least 16 pounds of nitrogen be deposited on the farmer's field. If a minimum cost solution results in more than 16 pounds of nitrogen on the field, that is acceptable; however, the amount cannot be less than 16 pounds.
The constraint for phosphate is constructed like the constraint for nitrogen:
4x1 + 3x2 [image: image14.png]


  24 lb.
With this example we have shown two of the three types of linear programming model constraints,
[image: image15.png]


  and [image: image16.png]


. The third type is an exact equality, =. This type specifies that a constraint requirement
must be exact. For example, if the farmer had said that the phosphate requirement for the field was exactly 24 pounds, the constraint would have been
The three types of linear programming constraints are [image: image17.png]


, =, and [image: image18.png]


.
4x1 + 3x2 = 24 lb.
As in our maximization model, there are also nonnegativity constraints in this problem to indicate that negative bags of fertilizer cannot be purchased:
x1, x2 [image: image19.png]


  0
complete model formulation for this minimization problem is
[image: image20.png]minimize Z = $6x, + 3x,
subject to
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