REVIEW
  1.  A mathematical programming problem is one that seeks to maximize an objective function  subject to constraints.  If both the objective function and the constraints are linear, the problem is referred to as a linear programming problem.

  2.  Linear functions are functions in which each variable appears in a separate term raised to   the first power and is multiplied by a constant (which could be 0).

  3.  Linear constraints are linear functions that are restricted to be "less than or equal to", "equal to", or "greater than or equal to" a constant.

  4.  The maximization or minimization of some quantity is the objective in all linear  programming problems.

  5.  A feasible solution satisfies all the problem's constraints.

  6.  A linear program which is overconstrained so that no point satisfies all the constraints is  said to be infeasible.  Changes to the objective function coefficients do not affect the   feasibility of the problem.

  7.  An optimal solution is a feasible solution that results in the largest possible objective function value, z, when maximizing or smallest possible z when minimizing.

  8.  A graphical solution method can be used to solve a linear program with two variables.

  9.  If a linear program possesses an optimal solution, then an extreme point will be optimal.

10.  If a constraint can be removed without affecting the shape of the feasible region,  the  constraint is said to be redundant.  If changes are anticipated to the linear programming  model, constraints which were redundant in the original formulation may not be redundant   in the revised formulation.

11.  In the graphical method, if the objective function line is parallel to a boundary constraint in 

       the direction of optimization, there are alternative optimal solutions, with all points on this 

       line segment being optimal.

12.  A feasible region may be unbounded and yet there may be optimal solutions.  This is 

       common in minimization problems and is possible in maximization problems.

13.  The feasible region for a two-variable linear programming problem can be: a) nonexistent, 

        b) a single point, c) a line.

14.  Any linear program either (a) is infeasible, (b) has a unique optimal solution or alternate 

       optimal solutions, or (c) has an objective function that can be increased without bound.

15.  A linear program in which all the variables are non-negative and all the constraints are  equalities is said to be in standard form.  Standard form is attained by adding slack   variables to "less than or equal to" constraints, and by subtracting surplus variables from  "greater than or equal to" constraints.  They represent the difference between the left and   right sides of the constraints.

17.  Slack and surplus variables have objective function coefficients equal to 0.  If, however,  extra resources could be sold at a profit, or if there were a penalty for surplus resources, the objective function coefficients would not be 0 and these variables would, in effect,  become new decision variables.
GRAPHICAL SOLUTION PROCEDURE
 1.  Graph the constraints and shade in the feasible region, considering the feasible side of   each constraint line.

 2.  Set the objective function equal to any arbitrary constant and graph it.  If the line does not 

      lie in the feasible region, move it (maintaining its slope) into the feasible region.

 3.  Move the objective function line parallel to itself in the direction that increases its value 

      when maximizing (decreases its value when minimizing) until it touches the last point(s) of 

      the feasible region.

 4.  If the optimal extreme point falls on an axis (say, x2 axis), use the binding constraint  equation to solve for the unknown x* (in this case x2*, since x1* is zero).  Otherwise, solve  the two equations (binding constraints) in two unknowns (x1* and x2*) that determine the  optimal extreme point.

 5.  Find z by substituting x1* and x2* in the objective function.
PROBLEM 1
Given the following linear program:

 

                       MAX   z  =  3x1 + 4x2
                        

  s.t.             2x1 + 3x2 <  24

                                   

         3x1 +   x2 <  21

                                    

           x1 +   x2 <   9

                                      

              x1, x2 > 0

a)  Solve the problem graphically.

SOLUTION 1 


a)  (1)  Graph the constraints.  (See graph.)

                  Constraint 1:  When x1 = 0, then x2 = 8; when x2 = 0, then x1 = 12.  



   
Connect (12,0) and (0,8).  The "<" side is below the line.

                  Constraint 2:  When x1 = 0, then x2 = 21; when x2 = 0, then x1 = 7.  




Connect (7,0) and (0,21).  The "<" side is below the line.


      
Constraint 3:  When x1 = 0, then x2 = 9; when x2 = 0, then x1 = 9.  



Connect (9,0) and (0,9).  The "<" side is below the line. 

Shade in the feasible region
    (2)  Graph the objective function by setting the objective function equal to any arbitrary value (say 12) and graphing it.  For 3x1 + 4x2 = 12, when x2 = 0,  x1 = 4; when x1 = 0, x2 = 3.  Connect (4,0) and (0,3), the thick graphed line.

      
(3)  Move the objective function line parallel to itself in the direction that  increases its value (upward) until it touches the last point of the feasible region.  It is at the intersection of the first and third constraint lines.

      
(4)  Solve these two equations in two unknowns:
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       Substituting into x1 + x2 = 9, then x1 = 3.

      
(5)  Solve for z:   z = 3x1 + 4x2 = 3(3) + 4(6) = 33.  Thus the optimal solution is 


       x1 = 3, x2 = 6, z = 33.

                  

PROBLEM 2

Given the following linear program:

                    



MIN   z  =  5x1 + 2x2 

                    



s.t. 
     2x1 + 5x2 > 10

                              



     4x1 -    x2 > 12

                               


  
       x1 +   x2 >  4

                                 

     

        x1, x2 > 0

a) Solve graphically for the optimal solution.

SOLUTION 2
a)  (1)  Graph the constraints.  

      

Constraint 1:  When x1 = 0, then x2 = 2; when x2 = 0, then x1 = 5.  Connect 


       

(5,0) and (0,2).  The ">" side is above this line.



Constraint 2:  When x2 = 0, then x1 = 3.  But setting x1 to 0 will yield x2 = -12,

 

   
 which is not on the graph.  Thus, to get a second point on this line, set 




x1 to any number larger than 3 and solve for x2:  when x1 = 5, then 




x2 = 8.  Connect (3,0) and (5,8).  The ">" side is to the right.


      
Constraint 3:  When x1 = 0, then x2 = 4; when x2 = 0, then x1 = 4.  Connect 




(4,0) and (0,4).  The ">" side is above this line.


      
Shade in the feasible region.
     
(2)  Graph the objective function by setting the objective function equal to an arbitrary 


       constant (say 20) and graphing it.  For 5x1 + 2x2 = 20, when x1 = 0,  then x2 = 10; 


       when x2= 0, then x1 = 4.  Connect (4,0) and (0,10).
     
(3)  Move the objective function line in the direction which lowers its value until it 


       touches the last point of the feasible region, determined by the last two constraints.

(4)  Solve these two equations in two unknowns.
4x1 - x2 = 12 and  x1 + x2 =  4


       Adding these two equations gives:  5x1 = 16 or x1 = 16/5.  Substituting this into 


       x1 + x2 = 4 gives:  x2 = 4/5.
     
(5)  Solve for z = 5x1 + 2x2  = 5(16/5) + 2(4/5) = 88/5.  Thus the optimal solution is 

        
       x1 = 16/5; x2 = 4/5; z = 88/5.
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PROBLEM 3
Given the following linear program:

s.t



     

x1, x2 > 0               

Solve graphically for the optimal solution.
SOLUTION 3
a)  (1)  Graph the constraints.

      
 
Constraint 1:  When x1 = 0, x2 = 22/3; when x2 = 0, then x1 = 22.  Connect 
  




(22,0) and (0,22/3).  The "<" side is below this line.

      
 
Constraint 2:  When x1 = 0, then x2 = 4.  Setting x2 to 0 would give x1 = -4,


     

which is outside the graph.  Set x2 to a number greater than 4 and solve 




for x1.  When x2 = 6, then x1 = 2.  Connect (0,4) and (2,6).  (0,0) is on 




the "<" side.


      
Constraint 3:  This is a horizontal line through x2 = 6.

      

Constraint 4:  When x2 = 0, then x1 = 0;  Set x1 to any positive constant and 




solve for x2.  When x1 = 5, then x2 = 2.  Connect the points (0,0) and 




(5,2).  To determine the "<" side select any arbitrary point on one side of 




the line and substitute into the inequality.  Arbitrarily choosing (0,5), this 




gives 2(0) - 5(5) = -25.  Thus the side containing (0,5) is the "<" side.

      
       Shade in the feasible region.

      
(2)  Graph the objective function by setting it to an arbitrary value, say 20.  For 


       4x1 + 5x2 = 20, when x1 = 0, then x2 = 4; when x2 = 0, then x1 = 5.  Connect 


       with a broken line the points (5,0) and (0,4).


(3)  Move the objective function line parallel to itself in the direction  which increases its 


       value until it touches the last point of the feasible region.  This is at the intersection 


       of the first and fourth constraints.

      
(4)  Solve these two equations in two unknowns:

            
    

  x1 + 3x2 = 22    

    2x1 + 6x2 = 44

               


2x1 -  5x2 =   0    

    2x1 -  5x2 =   0

      
      Subtracting the second equation from the first yields:  11x2 = 44 or x2 = 4.


      Substituting x2 = 4 into the first equation gives x1 = 10.  

      
(5)  Substitute for z  = 4x1 + 5x2 = 4(10) + 5(4) = 60.  Thus the optimal solution is 


       x1 = 10; x2 = 4; z = 60.

b)  The feasible region is now the line segment of -x1 + x2 = 4 between (0,4) and (2,6).

      (2,6) now gives the optimal solution.

c)  The feasible region is now the triangular section between (4,6), (15,6), and (10,4).  

      (15,6) is now the optimal solution.

[image: image2]
PROBLEM 4

Show graphically why the following two linear programs do not have optimal solutions 

and explain the difference between the two.


(a)  MAX z  =   2x1 + 6x2          
  
(b)  MAX z  =  3x1 + 4x2
    
       s.t.    
4x1 + 3x2  <  12       
     
       s.t.             x1 +  x2  >  5

            

2x1 +   x2  >   8      
           
 
 
3x1 +  x2  >  8

                  

     x1, x2 > 0               

         
      x1, x2 > 0
SOLUTION 4

Refer to the graphs on the next page.  Note that (a) has no points that satisfy both 

constraints, hence has no feasible region, and no optimal solution.  (a) is infeasible.


Note that in (b) the feasible region is unbounded and the objective function line can be 

moved parallel to itself without bound so that z can be increased infinitely.  (b) is 

unbounded.
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PROBLEM 5
Given the following linear program:

                       

MIN z  =  150x1 + 210x2
                       

s.t.    
     3.8x1 +  1.2x2  >   22.8

                                          


            x2  >    6

                                          



x2  <   15

                                


      45x1 +   30x2  =  630

                                      


      x1, x2 > 0

a)  Solve the problem graphically.  How many extreme points exist for this problem?

b)  What would be the optimal solution if the "=" in the fourth constraint was changed to  "<"?

c)  If the "=" in the fourth constraint was changed to ">", how would the problem be affected?

SOLUTION 5
a)  (1)  Graph the constraints.  

      
Constraint 1:  When x1 = 0, x2 = 19; when x2 = 0, then x1 = 6.  Connect (6,0)




and (0,9).  The ">" side is to the right of this line.  

      
Constraint 2:  This is a horizontal line through x2 = 6.  The ">" side is above this 




line.

      
Constraint 3:  This is a horizontal line through x2 = 15.  The "<" side is above 




 this line.

      
Constraint 4:  When x1 = 0, x2 = 21; when x2 = 0, then x1 = 14.  Connect (14,0) 




and (0,21).  

            Shade in the feasible region.  

NOTE:  The feasible region in this problem is limited to a segment of the line representing the "equal to" constraint.  Only two extreme points exist. 

      
(2)  Graph the objective function by setting the objective function equal to an 


      arbitrary constant as previously demonstrated or by using the following 


      approach.  Scale down the objective coefficients c1 and c2 (say, by dividing 


      both by 10 to get 8 and 13, respectively).  Now, use x1's coefficient as a


      value to plot on the x2 axis and use x2's coefficient as a value to plot on the 


      x1 axis.  Connect points (0,15) and (21,0).  


(3)  Move the objective function line in the direction that lowers its value until it 


      touches the last point of the feasible region.  The point is determined by the 


      second and fourth constraints.


(4)  Solve for the unknown x by substituting x2 = 6 into 45x1 + 30x2 = 630, 


      yielding x1 = 10.


(5)  Solve for z = 150x1 + 210x2 = 150(10) + 210(6) = 2760.  Thus the optimal 


      solution is x1 = 10, x2 = 6, and z = 2760.  [See the graph on the next page.]

b)  The feasible region is now shaped by all four constraints.  The optimal extreme point is 

      determined by the first and second constraints.  Solving these two equations in two 

      unknowns, the optimal solution is (4.105,6), point C on the graph.

c)  The optimal solution is now (10,6), point B on the graph, and the first constraint is now 

      redundant.
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PROBLEM 6

Given the following linear program:

                         


MAX z  =  5x1 + 7x2
                         


s.t.              x1            <   6

                                 

      

     2x1 + 3x2  <  19

                                  

        

       x1 +   x2  <   8

                                     


 
x1, x2 > 0

Solve the problem graphically.

SOLUTION 6
From the graph below we see that the optimal solution occurs at x1 = 5, x2 = 3, and z = 46.
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PROBLEM 7


A manager of a small fabrication plant must decide on a production schedule of two new products for the automobile industry.  The profit on product 1 is $1(thousand) and on product 2 is $3(thousand).  

     
The manufacture of these products depends largely on the availability of certain  subassemblies the plant receives daily from a local distributor.  It takes three of these  subassemblies for each unit of product 1 and two for each unit of product 2.  Twelve such  subassemblies are delivered daily.


Further, it takes two hours to make a unit of product 1 and six hours to make a unit of product 2.  The plant has assigned only three workers working 8-hour shifts for these new products.  Due to limited demand, the manager does not want more than seven units of  product 2 produced daily.

a)  Formulate this problem as a linear program.

b)  Solve graphically for the optimal solution.  Describe the set of all optimal solutions.

     Identify any redundant constraints.

c)  Give an optimal daily production schedule that manufactures exactly one unit of  product 1.

d)  Discuss the applicability of linear programming for this problem.

SOLUTION 7
a)  (1)  Define variables:  x1 and x2 = the amount of product 1 and 2 produced daily.

     (2)  Define objective:  

           Maximize total daily profits:

           


  MAX 
1x1 + 3x2   (in thousands of dollars).

     (3)  Define constraints:

            Subassemblies: Number used daily < number available

          


         
3x1 + 2x2 < 12

                  Labor: Number of hours used daily < (3 men)x(8 hrs./day)    

          



2x1 + 6x2 < 24

            Product 2: Quantity produced daily < specified limit

          




x2 < 7

            Non-negativity of variables:     x1, x2 > 0     

           Summarizing,

                         


MAX  z  =  1x1 + 3x2
                         


s.t.             3x1 + 2x2  <  12

                                  


      2x1 + 6x2  <  24

                                         


      x2  <   7

                                     


  
x1, x2 > 0

b)  Graphically,
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     The optimal solution occurs at x1 = 0, x2 = 4 and at x1 = 12/7, x2 = 24/7, and at all

     points in between on the line 2x1 + 6x2 = 24.  At any point on this line, z = 12.  The 

     x2 < 7 constraint does not help shape the feasible region and thus is redundant.

c)  On the optimal solution line, 2x1 + 6x2 = 24, when x1 = 1, then x2 = 11/3.  Still, 

     z = 1(1) + 3(11/3) = 12 (thousand).

d)  One must consider whether these variables can be allowed to assume values which 

     are not integers.  For continuous production, frequently a fractional value can be 

     considered as "work in progress"; products not finished on one day are simply 

     completed the next day.  Thus, LP appears to be appropriate for this problem.

PROBLEM 8

A small company will be introducing a new line of lightweight bicycle frames to be made 

from special aluminum and steel alloys.  The frames will be produced in two models,

deluxe and professional, with anticipated unit profits of $10 and $15, respectively.  


The number of pounds of aluminum alloy and steel alloy needed per deluxe frame is 2 and 3, respectively. The number of pounds of aluminum alloy and steel alloy needed per professional frame is 4 and 2, respectively.  A supplier delivers 100 pounds of the aluminum alloy and 80 pounds of the steel alloy weekly.  


What is the optimal weekly production schedule?

SOLUTION 8
Let x1 and x2 equal the number of deluxe and professional frames produced weekly.

                         


MAX z  =  10x1 + 15x2
                         


s.t.              2x1 +   4x2 < 100

                                  

        
       3x1 +   2x2 <  80

                                    


    
x1, x2 > 0

Solving graphically, the optimal production schedule is to produce x1 = 15 deluxe frames weekly and x2 = 17.5 professional frames weekly for an optimal weekly profit of $412.50.  
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ANSWERED PROBLEMS
PROBLEM 9
Solve graphically for the optimal solution to the following linear program:

                         

MIN  z  =  16x1 + 12x2
                         

s.t.              8x1 +   4x2  <  36

                                  


          x1 +     x2  <   7

                                  

        
        3x1 + 12x2  >  24

                                  

          
          x1 +   5x2  >  20

                                  


    
     x1, x2  >  0

PROBLEM 10
Given the following linear program:

                         

MAX  z  =  4x1 + 2x2
                         

s.t.               x1            <   4

                                   

       3x1 + 8x2  <  24

                                   

       2x1 +   x2  >   6

                                      


  x1, x2  >  0

a)  Solve the problem graphically.

b)  What would be the optimal solution(s) if the objective function were a minimization 

     rather than a maximization objective?

PROBLEM 11
Consider a linear programming problem with the following constraint set:







2x1 +   x2  > 4

                                    

  
  x1 + 2x2  > 5

                                    

  
  x1 -  2x2  < 1

a)  Graph the feasible region and note it is unbounded.

NOTE:  One might think an unbounded maximization problem would always have an unbounded objective function value.  This problem proves the contrary.  

b)  Identify all extreme points.

c)  Solve the problem with each of these objective functions: (1) MAX z = 2x1 - 5x2; 

     (2) MAX z = 2x1 - 4x2; and (3)  MAX z = 2x1 - 3x2 and discuss the results.

PROBLEM 12

Given the following linear programming problem:

                         


MAX  z  =  3x1 + 5x2
                         


s.t. 
      4x1 + 3x2 > 24

                                  

       

      2x1 + 3x2 < 18

                                         


      
      x2 >  3

                                     


          x1, x2 > 0

a)  Solve the problem graphically. 

NOTE:  The feasible region in this problem is limited to a single point.  A common error is to mistake this situation for infeasibility.  

b)  What effect would changing the objective function to MAX z = 5x1 + 4x2 have? 

PROBLEM 13
Given the following linear programming problem:

                         

MAX z  =  8x1 + 10x2
                         

s.t.
       x1 +     x2  < 35

                                 
      

     3x1 +   2x2  < 60

                                  

    
     
       x2  < 15

                                  


  
 x1, x2  >  0  

a)  Solve for the optimal solution.

b)  State why the first constraint is redundant.

c)  Suppose the second constraint's right hand side is changed from 60 to 100.  Solve  for 

     the new optimal solution and show that the first constraint is now binding and NOT 

     redundant.

PROBLEM 14

Consider the following linear program:

                         

MAX  z  =  60x1 + 43x2
                         

s.t.       
x1 +  3x2 >  9

                                   

          6x1 -   2x2 = 12

                                    


x1 +  2x2 < 10

                                      


     x1, x2 >  0

a)  Write the problem in standard form.

b)  What is the feasible region for the problem?

c)  Show that regardless of the values of the actual objective function coefficients, the optimal 

     solution will occur at one of two points.  Solve for these points and then determine which 

     one maximizes the current objective function.
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